I. INTRODUCTION
A most successful way of delivering radio frequency power for heating a tokamak plasma has been through fast Alfv6n waves (FAW), excited by antennas on the low-field side of a tokamak, in the ion-cyclotron range of frequencies (ICRF) . (The FAW is also sometimes referred to as the fast magnetosonic or fast compressional wave.) The coupling, propagation, and damping of FAW's have been extensively studied theoretically and demonstrated experimentally in a variety of tokamaks. In a plasma consisting of at least two ion species with different charge-to-mass ratios, the ion-ion hybrid resonance can be present in the plasma if the frequency of the RF wave is chosen appropriately. In the vicinity of this resonance, the FAW can couple to the ion-Bernstein wave (IBW), which then propagates away from the resonance towards the high-field side of the tokamak. Figure 1 shows the real part of k' for the FAW, obtained from the local hot (Maxwellian) plasma dispersion relation [1] , when the ion-ion hybrid resonance is inside the plasma. (ki is the local value of the wave-vector perpendicular to the toroidal magnetic field and x is the distance along the equatorial plane of the tokamak; x = 0 being the center of the plasma.)
The resonance behavior near x = 0 is indicative of the ion-ion hybrid resonance. A magnified view of the resonance region, given in Fig. 2 , shows the coupling of the FAW to the IBW. Theoretical analysis has shown that these IBW's can damp effectively on electrons [2] . Recently , there has been a series of ICRF heating experiments in which the ion-ion hybrid resonance has been present inside the plasma ( TFTR [3], Tore Supra [4] , Alcator C-Mod [5] ). The observed electron heating in these experiments has been attributed to the interaction of IBW's with electrons. In an earlier set of experiments on the Joint European Tokamak (JET) [6] , it was observed that the lower-hybrid current drive (LHCD) efficiency increased in the presence of ICRF heating. The corresponding experimental conditions suggested that IBW's could be excited in the plasma. Theoretical analysis of the interaction of ICRF with LHCD showed that the interaction of IBW's with the LH-generated suprathermal electrons leads to an enhancement in the LHCD efficiency [7] . In light of these experiments, it is useful to examine the mode-conversion process to IBW's with low-field side FAW excitation. For simplifying the analysis, we shall use a cold plasma model to represent the mode conversion by resonant absorption at the ion-ion hybrid resonance.
When the ion-ion hybrid resonance is inside a typical tokamak plasma, the FAW dispersion characteristics show that there are two right-hand cutoffs located in the outer regions of the plasma, on the high-magnetic field side and on the low-magnetic field side of the ion-ion hybrid resonance. In the vicinity of the resonance the FAW also has a left-hand cutoff. Previously, studies on the mode-conversion process have analyzed the propagation of the FAW in a region which includes the left-hand cutoff and the ion-ion hybrid resonance [8] . In this region, the propagation of the FAW can be described by the Budden equation
The description is equivalent to the scattering of a wave by a potential having a resonance and a cutoff. The analysis shows that a maximum of 25% of the FAW power can be mode converted to IBW's. Recently, it has been noted that the high-field side right-hand cutoff can have a significant effect on the mode-conversion efficiency [11] . A physically motivated model analysis, and a more detailed phase-integral analysis of the problem which includes this cutoff have shown that, in contrast to the Budden problem, a maximum of 100% of the incident FAW power can be mode converted to IBW's [12] .
In this paper, we derive an analytic solution of the mode conversion efficiency when the FAW is incident from the low-field side and encounters the left-hand cutoff, the ion-ion hybrid resonance, and the high-field side cutoff. We refer to this as the triplet case, which is equivalent to the Budden case with the addition of the right-hand cutoff. We derive an analytical expression for the mode-conversion coefficient, and show that the distance between the left-hand cutoff and the resonance is crucial in determining the maximum power that can be mode converted. The location of the right-hand cutoff is important in only determining if this maximum can be achieved in a given plasma configuration.
In Section II, we give a simple physical picture of the effect of the high-field side righthand cutoff. We solve the Budden problem with the condition that the FAW is completely reflected at some point on the high-field side of the ion-ion hybrid resonance. In Section III, we solve a model triplet problem with the high-field side right-hand cutoff. An approximate solution is obtained for the case when this right-hand cutoff is far from the ion-ion hybrid resonance (Sec. IIIa), and an exact solution is given for the case when the right-hand cutoff is close to the ion-ion hybrid resonance (Sec. IIIb). For both cases, we determine the mode-conversion and show the possibility of achieving 100% mode conversion efficiency.
The results also show that the intuitive model of Section II is valid. In Section IV, we give a physical picture for understanding the analytical results.
II. BUDDEN PROBLEM WITH HIGH-FIELD SIDE REFLECTION
In a simple, one-dimensional (equatorial plane) description, the approximate coldplasma dispersion relation for the FAW is:
where n_ = ckj/w, n 1 i = ckil/w, w is the frequency of the FAW, k 1 and kl are the perpendicular (to the total magnetic field) and parallel wave vectors, respectively, and S, R, L are the usual Stix tensor elements that depend on the spatial coordinate [1].
In deriving Eq. (1) we assume that the FAW electric field component along the tokamak magnetic field is very small. R = n 2 gives the positions of the right-hand cutoffs. There are usually two such cutoffs: one on the low magnetic field side near the antenna, and another on the high magnetic field side. The positions where L = ni and S = n2 correspond to the left-hand cutoff and to the ion-ion hybrid resonance, respectively. The propagation of the FAW through the resonance and the cutoffs are described by a differential equation:
where E is the poloidal component of the electric field, = wx/c is the normalized spatial coordinate along the equatorial plane, and Q() is the "potential" function, which for a cold plasma is equal to the right-hand side of (1).
The usual Budden-type [9] mode-conversion analysis studies the asymptotic behavior of the solutions of (2) 
where ci and c 2 are arbitrary constants that depend on the boundary conditions, and
represents an outgoing wave. For --oo W,1/2(z) represents an outgoing wave while
is a combination of an incoming wave and an outgoing wave (Appendix A).
If we assume that there is no damping of the wave between the resonance and the highfield cutoff, then cl and c 2 differ by at most an arbitrary phase. Let us assume that
Then, using the asymptotic properties of the Whittaker functions for -+ oo (Appendix A), the power reflection coefficient is:
Using the properties of the Gamma function [13] it can be shown that:
where TB = exp(-7r7) and 0 is the phase of r(-ir 7 /2). Then the power-mode conversion
Hence, with a high-field side cutoff the maximum power mode-conversion coefficient can be 100% provided TB = 1/2 and (4/2 + 0) is an integer multiple of 7r. Thus, the effect of a high-field side reflection in the Budden problem can significantly alter the power mode converted. In Fig. 3 , we have plotted contours of constant C( 7 , 4) as functions of 0 and r7.
These contours are periodic in 0 modulo 27r. From this figure, it is clear that the maximum value of C is critically dependent on r7 -the product of the distance between the lefthand cutoff and the ion-ion hybrid resonance, with the perpendicular wavenumber of the incident FAW. For example, for 77 > 0.3 it is not possible to get 100% mode conversion regardless of the choice of the phase 0.
In Fig. 4 , we plot the curves of maximum mode-conversion coefficient as a function of the peak electron density and of k 1 1 for TFTR parameters. From (7) the maximum mode-conversion coefficient is a function of rq only. So this figure shows the dependence of r7 on density and k 11 .
III. SOLUTION OF THE TRIPLET PROBLEM
We now address solving the complete triplet problem without introducing an unspecified reflection phase at the high-field right-hand cutoff. For this, we find it convenient to consider two models for the overall potential: one for which the right-hand cutoff is far from the resonance, and thus separated from it by a region in which WKB solutions are appropriate; and the other for which the right-hand cutoff can be near the resonance.
A. High-Field Cutoff Far From Resonance
For the propagation of FAW in a one-dimensional slab where the high-field cutoff is included in the description of the model, the model potential in (2) is given by: The right-hand cutoff is given by Q( ) = 0 for < 0. We will assume that near the righthand cutoff I,3/ is very small compared to lac| and 5, so that this cutoff is approximately
given by CR = -5/a. Since for < R we assume that the solutions to 
where 0+ or 0-indicates that tends to zero from the positive or the negative side, The high-field cutoff CR ensures that the power transmission coefficient is zero. The solution to (2) and (8) will determine the power reflection coefficient R. The mode-conversion coefficient will be C = 1 -R. The solution in region II can be written as:
where cjr and d 11 are constants determined by the boundary conditions, and z and n are as defined for the Budden problem discussed in the previous section. From the asymptotic forms of the Whittaker functions (Appendix A), the power reflection coefficient can be expressed as:
where 9 is the phase of I(-ir//2). The ratio cil/di 1 is determined by matching to the solution in region I. In region I, as -+ 0-, the solution to (2) and (8) is:
where cj and dj are constants, and
From the matching conditions in (9) at C = 0, and using the properties of the Whittaker functions near C= 0 [14] , we find: (14) and (16). Substituting this into (11) completely determines the reflection coefficient.
In the special case when 5 = y, we find from (14) and ( 
B. High-Field Cutoff Close to Resonance
In the case when the high-field cutoff is close to the resonance, the potential can be approximated by:
where 0, -y, and 7 are all positive parameters. Here the right-hand cutoff is at ( = The solution to (2) and (18) is given by the Whittaker function in the two regions (( > 0 and < 0). The matching of the solutions across = 0, in a manner similar to that described above, gives the mode-conversion coefficient in the form of (7). The phase 0 is given exactly by:
where NR and NI are the real and imaginary parts of N, respectively, and
is the Psi function [13], and 7 = ///. We note that the overall result for the modeconversion coefficient (7) is again the same as found in Sec. II. The phase (19) is now exactly determined; it can no longer be easily interpreted in terms of the distance between the resonance and the right-hand cutoff.
IV. THE INTRINSIC INTERNAL RESONATOR
The analyses of sections II and III imply that the triplet system can be viewed as forming an internal plasma resonator which contains resonant absorption. The resonator is intrinsic to the plasma in that it does not require a structure external to the plasmait is formed by features (the cutoffs) that are intrinsic to the plasma. The fast Alfv6n wave incident from the low-field side is coupled to the resonator at the left-hand cutoff. This coupling is mainly determined by 77 which enters into TB = exp(-7r7). The resonator is naturally specified by the phases 0 and 0. However, due to the intrinsically inhomogeneous plasma, these phases are not simply related to some integer multiple of half-wavelengths between the left-hand cutoff and high-field side right-hand cutoff. The dissipation in this resonator occurs at the ion-ion hybrid resonance layer. In the cold plasma model, this is exhibited as resonant absorption; a kinetic description of the ion-ion hybrid resonance layer shows that this is mode conversion of the incident fast Alfv6n wave to an ion-Bernstein wave which damps on electrons [2] . The condition for 100% mode conversion corresponds to the situation in which the incident fast Alfv6n wave is critically coupled to this resonator. Then there is no reflection of the fast Alfv6n wave towards the low-field side, and the incident wave power is totally absorbed. Figure 6 shows an example of the internal resonator effect where we have chosen parameters such that 7 ~ 0.22. Here there is no reflection and the fields are localized between the resonance and the high-field cutoff.
V. CONCLUSIONS
Through a detailed analysis of the effect of the high-field side right-hand cutoff on the mode conversion of the fast Alfv6n wave at the ion-ion hybrid resonance, we have shown that there exist conditions for achieving 100% mode conversion to ion-Bernstein waves. The important parameter in achieving high mode conversion efficiencies is r7, which is essentially the distance between the left-hand cutoff and the ion-ion hybrid resonance normalized to the wavelength of the fast Alfv~n wave. For 77 = log(2)/7r -0.2206, the phase of '(-77 /2) is 9 z 0.527r. Then, if the high-field side right-hand cutoff is not too close to the ion-ion hybrid resonance, from (7) for 0 ~ 2(1 -0.52)7r, where I is any integer, the mode conversion efficiency is 100%. This is the condition for critical coupling to an internal plasma resonator composed of the left-hand cutoff, the ion-ion hybrid resonance, and the high-field side right-hand cutoff.
As in [9], the second order differential equation:
can be expressed in the standard Whittaker form [131:
where z = -2iTy and r = 0/ f;. The two independent solutions are given by the Whittaker functions W,,(z) and W..,,(-z) where r, = -i 7 /2 and u = ±1/2. In order to determine the scattering coefficients for (Al), we need to know only the asymptotic forms of the Whittaker functions.
In (Al), there is a pole at ( = 0. Since we assume a time dependence of the form exp(-iwt), there is a branch cut in the upper-half complex-C plane starting at C = 0 (see where ' is the Gamma function [13].
In the usual Budden problem for low-field incidence, the relevant solution to (Al) is W-r,1/ 2 (-z). Then, it can be easily shown that the Budden power transmission and power reflection coefficients are:
respectively. The power mode-conversion coefficient is:
which attains a maximum value of 1/4 for TB = 1/2.
APPENDIX B: SOLUTION TO THE TRIPLET EQUATION
We will use the method of matched asymptotic expansions [16] to construct an approximate solution to the differential equation in region I. With this solution we can determine the ratio cli/dr needed to calculate the reflection coefficient in (11). Region I is subdivided into three regions: region IA, corresponding to e< 'R; region IB, corresponding to > R and < 0; and region IC, corresponding to ~ 0. By approximating Q( ) in each of these sub-regions, we can determine the corresponding approximate solutions. By matching these approximate solutions across the boundaries of the corresponding sub-regions, we determine the solution in region I.
In region IA, Q( ) ~ a + 5 so that R ~ -5/a. The solution to E( ) is of the form: In region IC we approximate Q( ) -5-P/ . The solution to E( ) is in terms of the Whittaker functions:
where c 3 and d 3 are constants, and the rest of the notation is as defined in (13).
In region IB, which is assumed to be sufficiently far away from the right-hand cutoff and from the resonance, we assume a solution of the JWKB form:
where Q( ) = 
Vi
The right-hand side of (B4b) requires that the phase-integral in (B3) be evaluated from the right-hand cutoff to a location slightly to the high-field side of the resonance.
The phase-integral is evaluated by using the approximation:
In this approximation, we have assumed that in the JWKB regime a + j/ > /C so that in (B6) we have only kept the leading order contribution due to 8. Assuming CR ; -5/a, we find, using (B6), that: The parameters are the same as for Fig. 1 . 
